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Abstrat. We onsider a two-dimensional Fermi-Pasta-Ulam (FPU) lattie with
hexagonal symmetry. Using asymptoti methods based on small amplitude ansatz,
at third order we obtain a redution to a ubi nonlinear Shrödinger equation (NLS)
for the breather envelope. However, this does not support stable soliton solutions, so
we pursue a higher-order analysis yielding a generalised NLS, whih inludes known
stabilising terms. We present numerial results whih suggest that long-lived stationary
and moving breathers are supported by the lattie. We nd breather solutions whih
move in an arbitrary diretion, an elliptiity riterion for the wavenumbers of the
arrier wave, asymptoti estimates for the breather energy, and a minimum threshold
energy below whih breathers annot be found. This energy threshold is maximised for
stationary breathers, and beomes vanishingly small near the boundary of the ellipti
domain where breathers attain a maximum speed. Several of the results obtained are
similar to those obtained for the square FPU lattie (Butt & Wattis, J Phys A, 39,
4955, (2006)), though we nd that the square and hexagonal latties exhibit dierent
properties in regard to the generation of harmonis, and the isotropy of the generalised
NLS equation.
PACS numbers: 05.45.-a, 05.45.Yv
This version: 1 Otober 2018
1. Introdution
Disrete breathers are time-periodi and spatially loalised exat solutions of
translationally invariant nonlinear latties. For a brief review of some general properties
of breathers in higher-dimensional systems, see our earlier work [2℄. In partiular, it is
known that while some fundamental properties suh as the existene of breathers are
not aeted by lattie dimension (see Flah et al [9℄ and Makay and Aubry [14℄), other
properties are aeted profoundly, for instane, the energy properties of breathers (see
Flah et al [8℄, Kastner [12℄ and Weinstein [19℄). In this paper we investigate how the
symmetry of the lattie inuenes the properties of disrete breathers found therein.
In Hamiltonian systems, stationary breathers our in one-parameter families. For
a ertain lass of Hamiltonian systems, a ritial spatial dimension dc exists suh that
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for systems with d ≥ dc, there exists a positive lower bound on the energy of a breather
family, and the breather energies do not approah zero even as the amplitude tends
to zero. For latties with dimension d < dc, there is no positive lower bound on the
energy of breathers. In other words, the energy of a family of breathers goes to zero
with amplitude, and breathers of arbitrarily small energy an be found. The ritial
dimension dc is typially two. A small amplitude expansion yields the NLS redution
to iFT + ∆F + κ|F |2σF = 0 whih has a ritial dimension of dc = 2/σ, with blow-up
in NLS ourring when κ > 0 and d > dc. For typial lattie potentials, σ = 1 again
onrming the ritial dimension of dc = 2.
Marin, Eilbek and Russell have performed extensive numerial investigations of
breather dynamis in two-dimensional latties [15, 16, 17℄. Their results suggest
that moving breather modes exist (or are at least extremely long-lived), and that
the lattie exhibits a strong diretional preferene whereby breathers an only move
along symmetries of the lattie, and in no other diretion. Suh quasi-one-dimensional
behaviour is also observed in higher-dimensional latties.
The work in this paper follows on from our earlier study [2℄ of breathers in a
two-dimensional lattie with square rotational symmetry; hereupon referred to as the
square lattie. This lattie has C4 symmetry, by whih we mean that a rotation through
any multiple of 2pi/4 = pi/2 about an axis perpendiular to the lattie plane through
a lattie site maps the lattie onto itself. In [2℄, using the semi-disrete multiple-sale
method (see Remoissenet [18℄), we determined an approximate form for (as well as the
properties of) small amplitude breathers in a two-dimensional square Fermi-Pasta-Ulam
(FPU) lattie [5℄. We found a third-order analysis to be inadequate, sine the partial
dierential equation obtained at this order desribing the breather envelope exhibits
blow-up. To overome this, we inorporated higher-order eets in the model, thereby
obtaining a modied partial dierential equation whih inludes known stabilising terms.
From this, we determined regions of parameter spae where breather solutions are
expeted. Numerial simulations supported the results of our analysis, and suggested
that, in ontrast to the two-omponent latties studied by Marin et al [15, 16, 17℄ (that
is, with two degrees of freedom at eah lattie site), there is no restrition upon the
permitted diretions of travel within the one-omponent square FPU lattie. We also
found asymptoti estimates for the breather energy whih onrmed the existene of a
minimum threshold energy, in agreement with the work of Flah et al [8℄.
In this paper, we onsider a hexagonal eletrial transmission lattie (HETL). This
two-dimensional network possesses C6 (or hexagonal) rotational symmetry. That is,
rotation through any multiple of the angle 2pi/6 = pi/3 about a lattie site maps the
lattie onto itself. The HETL is shown in Figure 1, pitured from a point vertially
above the plane of the lattie. We note from Figure 1 that geometrially, the HETL is
an arrangement of tessellating triangles (not hexagons). Nevertheless, the arrangement
in Figure 1 is referred to as hexagonal rather than triangular sine these desriptions
refer to its symmetry properties and not to the geometrial shapes whih omprise
the array (not all authors follow this onvention). One might expet the analysis for
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Figure 1: The 2D hexagonal eletrial transmission lattie (HETL).
the hexagonal lattie to be more involved, sine it is geometrially more ompliated
in having more links emanating from eah node. However, the hexagonal symmetry
results in greater isotropy and hene simpler equations than those obtained for the
square lattie.
We derive the equations of motion and demonstrate a Hamiltonian formalism in
Setion 2.2. In Setions 2.6 and 2.7, we present two ases for whih the hexagonal FPU
lattie equations an be redued to a two-dimensional nonlinear Shrödinger (NLS)
equation with ubi nonlinearity. We onsider latties with a symmetri interation
potential, in whih ase redution to a ubi NLS equation an be performed for moving
breathers. We nd an elliptiity riterion for the wavenumbers of the arrier wave in
Setion 2.6.1. A redution to the ubi NLS equation an also be arried out for latties
with an asymmetri potential, provided we onsider only stationary breathers.
As expeted we nd a minimum energy below whih breathers annot exist in
the hexagonal FPU lattie. We nd that the energy threshold is dependent upon the
wavevetor of the arrier wave. It is maximised for stationary breathers, and beomes
arbitrarily small near the boundary of the ellipti domain.
The ubi NLS equation admits only unstable Townes solitons. Hene, in Setion 3,
we extend our asymptoti analysis to higher order and nd an isotropi generalised NLS
equation whih inorporates known stabilising terms. Our analyti work is supplemented
by numerial simulations presented in Setion 4, whih suggest that long-lived stationary
and moving breather modes are supported by the system. In Setion 5, we disuss the
results obtained in this paper.
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2. A two-dimensional hexagonal Fermi-Pasta-Ulam lattie
2.1. Preliminaries
Before we derive the equations governing the HETL, we desribe our sheme for
indexing the lattie nodes and our hoie of basis vetors. We introdue a retangular
lattie with basis vetors B = {i′ , j′}, where i′ = i = [1, 0]T and j′ = [0, h]T (j being
[0, 1]T ), illustrated in Figure 2. We use only half of the (m,n) indies, namely, those for
whih the sum m+ n is even. We hoose an origin with oordinates (0, 0); the position
of the site (m,n) is mi′+nj′. In order for the hexagonal lattie to be regular, we speify
h =
√
3.
PSfrag replaements
(m,n)
(m + 2, n)
(m + 1, n+ 1)(m − 1, n+ 1)
(m − 2, n)
(m − 1, n− 1) (m + 1, n− 1)
i′
j′
Figure 2: Labelling of nodes in the HETL with basis B = {i′ , j′}.
At every node of the HETL lies a nonlinear apaitor (not shown in Figure 1),
and between every node and eah of its six nearest neighbours is a linear indutor.
An enlarged view of the area surrounding the apaitor at (m,n) is shown in Figure 3,
where the apaitor is visible. The variable Vm,n denotes the voltage aross the apaitor
(m,n) and Qm,n denotes the total harge stored on the apaitor at (m,n). Also, Im,n,
Jm,n and Km,n are the urrents through the indutors immediately to the right of site
(m,n) in the diretions ei = [2, 0]
T
, ej = [1,−
√
3]T and ek = [1,
√
3]T respetively, as
illustrated in Figure 3.
2.2. Derivation of model equations
To derive the equations relating urrent, harge and voltage in the lattie we apply
Kirho's law
Vm+2,n − Vm,n = −LdIm,n
dt
, (2.1)
Vm+1,n−1 − Vm,n = −LdJm,n
dt
, (2.2)
Vm+1,n+1 − Vm,n = −LdKm,n
dt
, (2.3)
where the indutane L is onstant. Conservation of harge gives
Im−2,n − Im,n + Jm−1,n+1 − Jm,n +Km−1,n−1 −Km,n = dQm,n
dt
. (2.4)
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Figure 3: Enlarged view of the HETL at site (m,n).
Dierentiating (2.4) with respet to time, and then using (2.1)(2.3) to nd I˙m−2,n,
J˙m−1,n+1 and K˙m−1,n−1, we have
L
d2Qm,n
dt2
= (Vm+2,n − 2Vm,n + Vm−2,n) + (Vm+1,n−1 − 2Vm,n + Vm−1,n+1)
+ (Vm+1,n+1 − 2Vm,n + Vm−1,n−1). (2.5)
Equation (2.5) may be written in the abbreviated form LQ¨m,n = (δ
2
I + δ
2
J + δ
2
K)Vm,n,
where the entred seond-dierene operators are dened by
δ2IAm,n = Am+2,n − 2Am,n + Am−2,n, (2.6)
δ2JAm,n = Am+1,n−1 − 2Am,n + Am−1,n+1, (2.7)
δ2KAm,n = Am+1,n+1 − 2Am,n + Am−1,n−1. (2.8)
Here, Am,n is an arbitrary quantity referened by two indies; δ
2
I , δ
2
J and δ
2
K are entred
seond-dierene operators in the diretions of ei, ej and ek respetively. Sine the
voltage Vm,n is known in terms of the harge, we reformulate (2.5) in terms of the
single quantity Qm,n. We invert the apaitor's nonlinear harge-voltage relationship
Q = V C(V ) (see equations (2.9)(2.14) of [2℄ for details), to obtain
V (Q) = (Q+ aQ2 + bQ3 + cQ4 + dQ5)/C0, (2.9)
where C0 = C(0). Hene, the HETL equations (2.5) an be written as
d2Qm,n
dt2
= (δ2I+δ
2
J+δ
2
K)
[
Qm,n + aQ
2
m,n + bQ
3
m,n + cQ
4
m,n + dQ
5
m,n
]
, (2.10)
where m,n ∈ Z and, by resaling the time variable, we set LC0 = 1 without loss of
generality. Thus we have shown that the equation governing harge in the HETL (2.10)
is a two-dimensional analogue of the Fermi-Pasta-Ulam equation
d2Qj
dt2
=W ′(Qj+1)− 2W ′(Qj) +W ′(Qj−1), (2.11)
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whih is a Hamiltonian system that an be derived from both
H =
∑
j
1
2
pi2j+W (φj+1−φj), and H˜ =
∑
j
1
2
(Pj+1−Pj)2+W (Qj), (2.12)
where Qj = φj+1 − φj.
The lattie equations (2.10) an be derived from the Hamiltonian
H˜ =
∑
m,n
1
2
(Pm+2,n − Pm,n)2 + 12(Pm+1,n−1 − Pm,n)2
+ 1
2
(Pm+1,n+1 − Pm,n)2 +Υ(Qm,n), (2.13)
where Υ(Qm,n) satises Υ
′(Qm,n) = V (Qm,n) given in (2.9), hene
Υ(Q) = 1
2
Q2 + 1
3
aQ3 + 1
4
bQ4 + 1
5
cQ5 + 1
6
dQ6. (2.14)
We desribe potentials whih satisfy Υ(−Q) = Υ(Q) (that is, a = c = 0) as `symmetri'.
The variables Pm,n and Qm,n are onjugate momenta and displaement variables of the
system; and eliminating Pm,n from the equations
dQm,n
dt
= −(δ2I + δ2J + δ2K)Pm,n,
dPm,n
dt
= −Υ ′(Qm,n), (2.15)
yields (2.10). In Setion 2.4, we derive expressions for the energy of breathers given the
small amplitude solutions whih are obtained in the next setion.
2.3. Asymptoti analysis
We apply the method of multiple-sales to determine an approximate analyti form
for small amplitude breather solutions of (2.10), with slowly varying envelope. We
introdue new variables dened by
X = εm, Y = εhn, τ = εt and T = ε2t; (2.16)
note the presene of the saling fator h in the denition of Y . We seek solutions of
(2.10) of the form
Qm,n(t) = εe
iψF (X, Y, τ, T ) + ε2G0(X, Y, τ, T ) + ε
2eiψG1(X, Y, τ, T ) +
ε2e2iψG2(X, Y, τ, T ) + ε
3H0(X, Y, τ, T ) + ε
3eiψH1(X, Y, τ, T ) +
ε3e2iψH2(X, Y, τ, T ) + ε
3e3iψH3(X, Y, τ, T ) + ε
4eiψI1(X, Y, τ, T ) +
ε4e2iψI2(X, Y, τ, T ) + ε
4e3iψI3(X, Y, τ, T ) + ε
4e4iψI4(X, Y, τ, T ) +
ε5eiψJ1(X, Y, τ, T ) + · · ·+ c.c., (2.17)
where the phase ψ of the arrier wave is given by km + lhn + ωt (one again noting
the extra fator h), and k = [k, l]T and ω(k) are its wavevetor and temporal frequeny
respetively. We substitute the ansatz (2.17) into the lattie equations (2.10) and equate
oeients of eah harmoni frequeny at eah order of ε. After muh simpliation,
this yields the following system of equations:
O(εeiψ):
ω2F = 4 sin2(k)F + 4 sin2
(
k + lh
2
)
F + 4 sin2
(
k − lh
2
)
F, (2.18)
Disrete breathers in a two-dimensional hexagonal Fermi-Pasta-Ulam lattie 7
O(ε2eiψ):
ωFτ = 2 sin k[2 cos k + cos(lh)]FX + 2h cos k sin(lh)FY , (2.19)
O(ε2e2iψ):
ω2G2 = [sin
2(2k) + sin2(k + lh) + sin2(k − lh)](G2 + aF 2), (2.20)
O(ε3eiψ):
2iωFT + Fττ = [4 cos(2k) + 2 cos k cos(lh)]FXX + 2h
2 cos k cos(lh)FY Y
− 4h sin k sin(lh)FXY
− 8a
[
sin2(k) + sin2
(
k + lh
2
)
+ sin2
(
k − lh
2
)]
[F (G0 +G0) + FG2]
− 12b
[
sin2(k) + sin2
(
k + lh
2
)
+ sin2
(
k − lh
2
)]
|F |2F, (2.21)
O(ε3e3iψ):
9ω2H3 = 4
[
sin2(3k) + sin2
(
3k + 3lh
2
)
+ sin2
(
3k − 3lh
2
)] (
H3 + 2aFG2 + bF
3
)
, (2.22)
O(ε4e0):
G0ττ = 6G0XX + 2h
2G0Y Y + a
[
6
(
|F |2
)
XX
+ 2h2
(
|F |2
)
Y Y
]
. (2.23)
Though eah equation plays a similar role to its ounterpart in the square lattie,
equations (2.18)(2.23) are more ompliated. Equation (2.18) is the dispersion relation
for the system (2.10). Sine we are interested only in solutions for whih F 6= 0, (2.18)
yields
ω2 = 4 sin2(k) + 4 sin2
(
k + lh
2
)
+ 4 sin2
(
k − lh
2
)
, (2.24)
whih does not simplify signiantly. From equation (2.19), we determine the veloity
of the travelling wave F , nding
F (X, Y, τ, T ) ≡ F (Z,W, T ), (2.25)
where Z = X−uτ andW = Y −vτ , and the horizontal and vertial veloity omponents
(u and v) are found to be
u =
−2 sin(k)[2 cos(k) + cos(lh)]
ω
and v =
−2h cos(k) sin(lh)
ω
. (2.26)
Equation (2.26), along with (2.24) enables the elimination of terms involving G1 from
(2.21) whih are not shown. We denote the angle at whih the envelope F propagates
through the lattie by Ψ, whih is measured from the diretion of the basis vetor ei
to the line of travel and hene is given by tan−1(v/u), whih in turn depends upon the
wavevetor k. For both the ases that we onsider (namely, symmetri and asymmetri
interation potentials), we nd onstraints upon the wavenumbers k and l whih aet
the veloity omponents u and v. By taking k = pi/3 and l = pi/h we nd u = v = 0,
whih orresponds to a stati breather; and by hoosing k, l values whih irle this
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point, we nd breathers whih an propagate in any diretion (0 ≤ Ψ < 2pi); in other
words, our analysis suggests that there is no restrition upon the diretion of travel
through the lattie.
Our aim is to redue (2.21) to a nonlinear Shrödinger (NLS) equation for F . Before
this an be done, the quantities G0 and G2 in (2.21) must be found in terms of F . As
for the square lattie, it is straightforward to determine G2 from the algebrai equation
(2.20). However, the partial dierential equation (2.23) for G0 an be solved for two
speial ases only; namely, symmetri potentials, in whih ase the redution of (2.21)
to an NLS equation an be ompleted even for moving breathers, and also asymmetri
potentials, provided we onne our attention to stationary breathers. These two ases
are onsidered in Setions 2.6 and 2.7 respetively, where we also use our breather
formulae to generate estimates for the breather energy.
2.4. Asymptoti estimates for breather energy
The HETL is a lossless network, meaning that the total eletrial energy is
onserved. This quantity is related to the Hamiltonian (2.13) by E = H˜/C0 and so
is given by
E =
∑
m,n
em,n =
∑
m,n
Υ(Qm,n)
C0
+ 1
2
L
(
I2m,n + J
2
m,n +K
2
m,n
)
. (2.27)
The eletrial energy em,n assoiated with a unit of the lattie is (see Figure 3)
em,n =
Υ(Qm,n)
C0
+ 1
2
L(I2m,n + J
2
m,n +K
2
m,n). (2.28)
To derive a leading-order estimate for the eletrial energy, dened by
E0 =
∑
m,n
e(0)m,n =
∑
m,n
Q2m,n
2C0
+
L
2
(
I2m,n + J
2
m,n +K
2
m,n
)
, (2.29)
we use leading-order expressions for eah of the terms in the terms in the summand of
(2.27). The rst term is Q2m,n/(2C0); from (2.9), it follows that Vm,n ∼ Qm,n/C0, and
so to leading order, (2.27) agrees with the linear approximation to the energy in the
apaitor being QV/2. To nd leading-order expressions for the urrents Im,n, Jm,n and
Km,n, we use equations (2.1)(2.3), whih imply
Qm+2,n −Qm,n = −dIm,n
dt
, (2.30)
Qm+1,n−1 −Qm,n = −dJm,n
dt
, (2.31)
Qm+1,n+1 −Qm,n = −dKm,n
dt
, (2.32)
where LC0 = 1. The urrents are determined by substituting the expression for the
breather Qm,n into (2.30)(2.32) and then integrating with respet to time. We obtain
leading-order estimates for the energy of moving breathers in systems with symmetri
potentials Setion 2.6.2, and in Setion 2.7.1, the energies of stationary breathers with
asymmetri potentials.
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2.5. The dispersion relation for the HETL
In this setion, we analyse the dispersion relation (2.24) for the system (2.10). A
ontour plot of ω against k and l is shown in Figure 4. Sine w is periodi in both k and
l, with period 2pi along the k-diretion, and 2pi/h in the l-diretion, we onsider only k
and l suh that (k, l) ∈ T 2 = [0, 2pi]× [0, 2pi/h].
The funtion ω is minimised, and assumes the value zero, at the entre of the
irular patterns in Figure 4. The minima are loated at (0, 0), (2pi, 0), (2pi, 2pi/h),
(0, 2pi/h) and (pi, pi/h). Plus signs (`+') mark the points in (k, l)-spae at whih ω is
maximised and takes the value ω = 3. The maxima lie at the entres of the equilateral
triangles, the wavevetors orresponding to these points are denoted k1, . . . ,k6, where
k1 = [pi/3, pi/h]
T , k2 = [2pi/3, 0]
T , k3 = [4pi/3, 0]
T ,
k4 = [5pi/3, pi/h]
T , k5 = [4pi/3, 2pi/h]
T , k6 = [2pi/3, 2pi/h]
T .
(2.33)
The arrangement of the points orresponding to these wavevetors in (k, l)-spae reets
the hexagonal symmetry properties of the lattie (2.10). It may be veried using
(2.26) that the veloity omponents u and v are both zero for eah of the wavevetors
{k1, . . . ,k6}.
0
0.5
1
1.5
2
2.5
3
3.5
l
0 1 2 3 4 5 6
k
k1
k2 k3
k4
k5k6
Figure 4: Contour plot of ω(k); ω attains its maximum value of 3 at the points
k1, . . . ,k6, and is minimised at the points marked `o', where ω = 0.
2.6. Latties with a symmetri potential
In this setion, we onsider latties with a symmetri interation potential, where
Υ(Q) is even and Υ ′(Q) has odd symmetry. This orresponds to a = c = 0 in (2.10).
Sine there are no even harmonis for vibrations ontrolled by symmetri potentials,
it follows that G0 and G2 are both zero. In (2.21), the term Fττ is eliminated using
Fττ = u
2FZZ + 2uvFZW + v
2FWW whih is derived from (2.25). This leads to (2.21)
Disrete breathers in a two-dimensional hexagonal Fermi-Pasta-Ulam lattie 10
being redued to an NLS equation
2iωFT +
[
u2 − 4 cos(2k)− 2 cos k cos(lh)
]
FZZ +
[
v2 − 2h2 cos k cos(lh)
]
FWW
+ [2uv + 4h sin k sin(lh)]FZW + 3bω
2|F |2F = 0, (2.34)
where the veloities u and v are given by (2.26). By applying an appropriate hange of
variables, we remove the mixed derivative term from (2.34), and redue the equation to
a standard form. To simplify the appearane of subsequent expressions, we denote
the oeients of FZZ , FWW and FZW by D1 = u
2 − 4 cos(2k) − 2 cos k cos(lh),
D2 = v
2 − 2h2 cos k cos(lh) and D3 = 2uv + 4h sin k sin(lh) respetively. A suitable
transformation is thus
ξ =
hZ√
D1
and η =
h(2D1W −D3Z)√
D1(4D1D2 −D23)
, (2.35)
whih implies (2.34) beomes
2iωFT + 3∇2F + 3bω2|F |2F = 0, (2.36)
where the dierential operator ∇2F ≡ Fξξ + Fηη is isotropi in the (ξ, η) variables. An
approximation to the Townes soliton solution of (2.36) is given by equation (A6) in the
appendix. Substituting the resulting expression for F into (2.17) yields a leading-order
expression for the breather
Qm,n(t) = 2εα cos[km+ lhn + (ω + ε
2λ)t] sech(βr) +O(ε3), (2.37)
where α and β are determined as desribed by equation (A5) in the appendix, with
D = 3/2ω, B = 3bω/2. Further, r =
√
ξ2 + η2 is found in terms of the physial disrete
variables m and n by inverting the transformations (2.35) and reverting bak to the
variables Z and W , using
r2 = ξ2 + η2 =
4h2ε2(D2(m−ut)2 +D1(hn−vt)2 −D3(m−ut)(hn−vt))
4D1D2 −D23
.
(2.38)
The terms D1, D2 and D3 are known from (2.34), the veloities u and v are given by
(2.26) and ω is given in (2.24).
2.6.1. Determining the domain of elliptiity. We onne our attention to ellipti NLS
equations. We seek to determine the region D of (k, l)-parameter spae (that is, the two-
torus T 2 = [(0, 2pi)]× [0, 2pi/h]) where the NLS equation (2.34) is ellipti. By denition,
this equation is ellipti when D23 < 4D1D2, where D1, D2 and D3 are given in (2.34).
Whilst the region D annot be speied expliitly, it is simple to nd numerially, and
is illustrated in Figure 5. Dening the funtion e(k, l) = 4D1(k, l)·D2(k, l)−D3(k, l)2,
we are onerned with the region where e(k, l) > 0. The subdomains have been labelled
{D1, . . . ,D6} in Figure 5, where D = D1 ∪ . . . ∪ D6.
Again, the hexagonal symmetry properties of the HETL are reeted learly in the
funtion e(k, l), whih has six maxima (at whih e(k, l) = 36), eah lying at the entre
of one of the losed urves in Figure 5. The maxima of e(k, l) oinide with the six
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Figure 5: The domain D = D1 ∪ . . . ∪ D6 in whih the NLS equation (2.34) is ellipti.
maxima of ω(k, l) shown in Figure 4, namely, at the wavevetors {k1, . . . ,k6} in T 2;
e(k, l) is minimised (e(k, l) = −48) at the six midpoints of the line segments whih
onnet adjaent maxima.
Figure 6: Contour plots of ω(k, l) (left) and speed (
√
u2 + v2, right) for wavevetors
k ∈ D1. Contours are for 2.82 ≤ ω ≤ 3 in steps of 0.02 and speeds from
zero to 0.6 in steps of 0.1. The entral point orresponds to ω = 3 and
zero speed, as one onsiders wave vetors nearer to the edge of D1, the
frequeny ω dereases and the speed inreases.
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Figure 6 shows a ontour plot for the frequeny ω in D1: the elliptiity onstraint
only permits breathers with a relatively high frequeny, that is, with ω > 2.82. This
onstraint in turn implies that not all breather envelope veloities are attainable, only
breathers with speeds upto about 0.7 lattie sites per seond are permitted; the plot
on the right of Figure 6 shows that only breathers with speeds upto about 0.3 sites
per seond an move in any diretion. There is then an intermediate range of speeds,
between 0.3 and 0.7 sites per seond where breathers an only move in ertain diretions,
these orrespond to the lattie diretions. The larger the speed, the more restrited is
the diretion of motion.
2.6.2. Breather energy. To alulate the leading-order energy E0 of moving breathers
in latties with a symmetri potential we use (2.37) whih we write as
Qm,n(t) ∼ 2εα cosΦ sech(βr), (2.39)
where Φ = km+ lhn+Ωt is the phase of the arrier wave, (k, l) ∈ D, Ω = ω+ ε2λ is the
breather frequeny inluding the rst orretion term, (ψ = km + lhn + ωt is only the
leading-order expression). λ parameterises the breather amplitude, α = α(λ), β = β(λ)
and r2 are as desribed in equations (2.37) and (2.38).
We now nd expressions for the urrents Im,n, Jm,n and Km,n: the urrent Im,n
is obtained by substituting the expression for Qm,n (2.39) into (2.30) and integrating
with respet to time. Owing to the omplexity of the expression for r given by (2.38),
the left-hand side of (2.30) an not be integrated with respet to time. However,
the variable r varies more slowly in time than Φ. Hene, integration by parts (using∫
f ′(t)g(εt)dt = [f(t)g(εt)]− ε ∫ f(t)g′(εt)dt) gives, to leading-order,
Im,n ∼ 2εα
ω
[1− cos(2k)] sin Φ sech(βr)− 2εα
ω
sin(2k) cosΦ sech(βr), (2.40)
where we have taken the onstant of integration to be zero, and Ω ∼ ω to leading order.
Similarly, substituting for Qm,n in equations (2.31) and (2.32) and integrating, we nd
Jm,n ∼ 2εα
ω
[1− cos(k − lh)] sinΦ sech(βr)− 2εα
ω
sin(k − lh) cosΦ sech(βr), (2.41)
Km,n ∼ 2εα
ω
[1− cos(k + lh)] sinΦ sech(βr)− 2εα
ω
sin(k + lh) cos Φ sech(βr). (2.42)
Substituting these expressions into (2.29), we obtain
E0 ∼
∑
m,n
2ε2α2
C0
cos2Φ sech2(βr)
+
2Lε2α2
ω2
sech2(βr)
{
[(1− cos(2k)) sinΦ− sin(2k) cosΦ]2
+ [(1− cos(k − lh)) sinΦ− sin(k − lh) cosΦ]2
+ [(1− cos(k + lh)) sinΦ− sin(k + lh) cosΦ]2
}
. (2.43)
We replae the sum by an integral sine the variables Z = ε(m−ut) andW = ε(hn−vt)
vary slowly with m and n. To simplify the resulting integral, we approximate the terms
Disrete breathers in a two-dimensional hexagonal Fermi-Pasta-Ulam lattie 13
cos2Φ, sin2Φ and sin Φ cosΦ by their average values of 1
2
,
1
2
and 0 respetively. Hene
(2.43) beomes
E0 ∼
∑
m,n
2ε2α2
C0
sech2(βr). (2.44)
From the denition of r (2.38) we note the funtion sech(βr) is not in general
radially symmetri in m, n. Hene we work in (ξ, η)-spae to failitate evaluation of the
double integral whih approximates the double sum in (2.44). Evaluating the Jaobian
assoiated with the transformation from (m,n) to (ξ, η) oordinates, we nd
E0 ∼ α
2
h3C0
√
4D1D2 −D23
∫∫
sech(β
√
ξ2 + η2) dξdη. (2.45)
Evaluating this and substituting for α and β in terms of D = 3/2ω(k, l) and B =
3bω(k, l)/2 (see the appendix) we nd
E0 ∼ 4pi log 2(2 log 2 + 1)
3 h3C0 b ω2(4 log 2− 1)
√
4D1D2 −D23. (2.46)
It is evident from (2.46) that the leading-order energy E0 is independent of the breather
amplitude, again onrming the existene of a minimum energy of moving breathers in
the two-dimensional HETL with symmetri potential. However, the threshold energy
does depend upon the wavenumbers k and l hene moving breathers have a dierent
threshold energy. A plot of the expression (2.46) is shown in Figure 7. We see
that E0, given by (2.46), is stritly positive in the region of elliptiity D, and is
maximised (attaining the same value) at eah of the points orresponding to wavevetors
{k1, . . . ,k6}, that is, at the points whih orrespond to stationary breathers. The
threshold energy (2.46) deays to zero towards the boundary of the ellipti domain D
(see Figure 5). Hene, as for breathers in the square lattie, the energy threshold for
moving breathers is lower than that for stationary breathers. The threshold beomes
arbitrarily small at the boundary of the domain of elliptiity.
2.7. Latties with an asymmetri potential
In this setion, we onsider the more general senario where the potential Υ ′(Q)
is asymmetri. In this ase, the terms a and c in (2.9) and (2.10) are not both zero.
If (2.21) is to be redued to an NLS equation in F , both G0 and G2 must be found in
terms of F . Whilst G2 is given by the simple algebrai equation (2.20); in order to nd
G0, the partial dierential equation (2.23) must be solved. We assume that G0 travels at
the same veloity as F , that is, G0(X, Y, τ, T ) ≡ G0(Z,W, T ). Eliminating G0ττ , (2.23)
beomes
(u2−6)G0ZZ+(v2−2h2)G0WW+2uvG0ZW = 6a|F |2ZZ+2ah2|F |2WW .(2.47)
For general k and l, it is diult to solve for G0 expliitly. However, for any of the
wavevetors {k1, . . . ,k6}, the veloities u and v beome zero, and so (2.47) beomes
∇2G0 = −a∇2|F |2, where the operator ∇2, dened by ∇2(Z,W ) ≡ ∂2Z + ∂2W , is equivalent
to ∇2(X,Y ) ≡ ∂2X + ∂2Y . It follows that G0 = −a|F |2 for eah of these wavevetors.
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Figure 7: Plot of E0(k, l) for latties with a symmetri potential.
Equations (2.18)(2.23) are the same whihever of the wavevetors {k1, . . . ,k6} is
used. Thus, (2.18) gives ω = 3, and (2.20) implies G2 = aF
2/3. Substituting these
expressions for G0 and G2 in (2.21) gives the following NLS equation for asymmetri
potentials for any of the wavevetors {k1, . . . ,k6}
2iωFT + 3∇2F + ω2(3b− 103 a2)|F |2F = 0, (2.48)
The anomalous dispersion regime thus orresponds to b > 10a2/9. Soliton solutions are
derived in the appendix; (2.48) orresponds to D = 1/2 and B = (9b − 10a2)/2, and
also r2 = X2 + Y 2. Substituting the solution for F into the lattie ansatz (2.17), along
with the known expressions for G0 and G2 gives the following seond-order formula for
stationary breathers in latties with an asymmetri potential
Qm,n(t) = 2 ε α cos[km+ lhn + (ω + ε
2λ)t] sech(βr)
+2
3
a ε2 α2sech2(βr)
{
cos[2km+ 2lhn+ (2ω + 2ε2λ)t]− 3
}
+O(ε3), (2.49)
where α and β are determined in the appendix, r =
√
X2 + Y 2, and X = εm and
Y = εhn in terms of the original disrete variables m and n.
2.7.1. Breather energy. We alulate the leading-order energy E0 of stationary
breathers in latties with an asymmetri potential. In this ase, stationary breathers
are given by (2.49), from whih we take only the leading order term
Qm,n(t) ∼ 2εα cosΘ sech(βr), (2.50)
where Θ = km+ lhn + Ωt is the phase of the arrier wave with (k, l) orresponding to
one of {k1, . . . ,k6}, Ω = ω + ε2λ is the breather frequeny, and w = 3.
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The urrents Im,n, Jm,n and Km,n are obtained by substituting (2.50) into equations
(2.30)(2.32) and integrating with respet to time, taking the onstant of integration to
be zero. Thus, to leading order, we nd
Im,n ∼ 3εα
ω
sin Θ sech(βr)−
√
3εα
ω
cosΘ sech(βr), (2.51)
Jm,n ∼ 3εα
ω
sin Θ sech(βr) +
√
3εα
ω
cosΘ sech(βr), (2.52)
Km,n ∼ 3εα
ω
sin Θ sech(βr) +
√
3εα
ω
cosΘ sech(βr). (2.53)
Substituting these expressions into (2.29) gives the leading-order energy
E0 ∼
∑
m,n
2ε2α2
C0
cos2Θ sech2(βr)
+
Lh2
2ω2
ε2α2
[
3h2 sin2Θ+ 2h sinΘ cosΘ + 3 cos2Θ
]
sech2(βr). (2.54)
We approximate the term in square brakets by taking the average values of cos2Θ,
sin2Θ, sin Θ cosΘ as 1
2
,
1
2
and 0 respetively.
We replae the double sum by an integral giving
E0 ∼ 2α
2
hC0
∫∫
sech2(β
√
X2 + Y 2) dXdY. (2.55)
This an be evaluated to
E0 ∼ 4pi log 2
hC0
α2
β2
=
8pi log 2(2 log 2 + 1)
C0h(9b− 10a2)(4 log 2− 1) . (2.56)
Again, this estimate for energy is independent of the breather amplitude λ,
demonstrating the energy threshold properties of the two-dimensional HETL; namely,
the ativation energy required to reate a breather in the HETL is an O(1) quantity,
irrespetive of its amplitude (2εα≪ 1).
3. Higher-order asymptoti analysis
The ubi NLS equation exhibits blow-up, whih annot our in a disrete system
sine energy is onserved, and even if all the energy were loalised at a single site, the
amplitude would still be nite. The two-dimensional ubi NLS equation desription of
the breather envelope is laking. Higher-order dispersive and nonlinear eets play
an important role in the dynamis of suh disrete systems and therefore must be
inorporated. In this setion we extend our analysis of the lattie equations (2.10) to
fth-order, and derive a generalised NLS equation whih inludes higher-order dispersive
and nonlinear terms. It then remains to determine whether this generalised NLS
equation supports stable soliton solutions.
Due to the omplexity of a fth-order analysis of a general asymmetri potential,
we onsider only latties with a symmetri potential, that is, those for whih a = c = 0
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in (2.10). Sine no seond or fourth harmoni terms are generated by the nonlinearity,
we use a muh simpler ansatz, namely
Qm,n(t) = εe
iψF (X, Y, τ, T ) + ε3e3iψH3(X, Y, τ, T ) + · · ·+ c.c., (3.1)
where the phase ψ = km + lhn + ωt. In this ase, in addition to the equations (2.24)
(2.26), (2.34) and (2.22), we also have
O(ε5eiψ):
FTT =
1
6
[8 cos(2k) + cos k cos(lh)]FXXXX + h
2 cos k cos(lh)FXXY Y
+ 1
6
h4 cos k cos(lh)FY Y Y Y − 23h sin k sin(lh)FXXXY − 23h3 sin k sin(lh)FXY Y Y
+ 6b [2 cos(2k) + cos k cos(lh)] (|F |2F )XX + 6bh2 cos k cos(lh)(|F |2F )Y Y
− 12b sin k sin(lh)
[
2hFFXF Y + 2hFFY FX + 2hFFXFY + hF
2FXY + 2hFFFXY
]
− 3bω2F 2H3 − 10ω2d|F |4F. (3.2)
We simplify this by restriting attention to stationary breathers. Aordingly, only one
extra timesale, T = ε2t, is required, and we x the wavenumbers k and l to orrespond
to one of the wavevetors {k1, . . . ,k6}. Hene we obtain the equations:
O(ε3eiψ):
2iωFT + 3∇2F + 3bω2|F |2F = 0, (3.3)
O(ε5eiψ):
FTT = −34∇4F − 9b∇2(|F |2F )− 10ω2d|F |4F, (3.4)
in addition to ω = 3 (from the O(εeiψ) equation) and H3 = 0 (from O(ε3e3iψ)). A
onsequene of the hexagonal symmetry of the HETL is that all dierentials on the
right-hand side of (3.4) are isotropi.
In order to obtain a generalised NLS equation, we ombine the higher-order equation
(3.4) with the ubi two-dimensional NLS equation (3.3). The FTT term on the left-hand
side of (3.4) is eliminated by dierentiating (3.3) with respet to T and substituting for
FTT into (3.4). The resulting expression is
6iFT + 3∇2F + 27b|F |2F + ε
2
2
∇4F + 9ε
2
4
(40d− 27b2)|F |4F
+
27bε2
4
∇2(|F |2F )− 9bε
2
2
|F |2∇2F − 9bε
2
4
F 2∇2F = 0, (3.5)
whih is isotropi.
To the best of our knowledge, this perturbed form of the NLS equation has not
been studied in the literature before; although it is similar to and slightly simpler than
the orresponding equation derived for the square lattie [2℄. It is also similar to the
perturbed NLS equation onsidered by Davydova et al [4℄, namely
iFT +D∇2F +B|F |2F + P∇4F +K|F |4F = 0, (3.6)
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whih is known to have stable soliton solutions. The anomalous dispersion ase is
BD > 0, whih in our equation (3.5) orresponds to b > 0; Davydova's riteria for
soliton existene is PK > 0 whih implies 40d > 27b2. Hene, it is in this parameter
regime that we seek breathers solutions of the HETL. The numerial results presented in
Setion 4 show that long-lived breather solutions are supported by the two-dimensional
hexagonal FPU lattie, suggesting that the additional perturbing terms in (3.5) do not
destabilise the Townes soliton. In fat, numerial simulations (presented in [1℄ but not
here) of the ase 40d < 27b2 show the breather mode to be long-lived, suggesting that
the terms on the seond line of (3.5) are stabilising.
We have been unable to nd a variational formulation of (3.5), and are therefore
unable to use the methods of Davydova et al. [4℄ and Kuznetsov et al. [13℄. Alternative
possible methods inlude the modulation theory of Fibih and Papaniolaou [6, 7℄.
4. Numerial results
4.1. Preliminaries
Using a fourth-order Runge-Kutta sheme, we solve the equations
dQm,n
dt
= Rm,n,
dRm,n
dt
= (δ2I + δ
2
J + δ
2
K)
[
Qm,n + aQ
2
m,n + bQ
3
m,n + cQ
4
m,n + dQ
5
m,n
]
, (4.1)
numerially. Introduing the variable Rm,n onverts the system of seond-order ordinary
dierential equations (2.10) to an equivalent system of rst-order dierential equations.
We present the results of simulations for a range of parameter values. From (2.26),
the veloity of the envelope (u, v) depends upon the wavevetor k = [k, l]T , and hene
we obtain moving breathers by hoosing (k, l) ∈ D. In Figure 8, we show the points
in D1 ⊂ D for whih we solve the lattie equations (4.1) numerially. These points
orrespond to the wavevetors k1 = [pi/3, pi/h]
T
, ka = [1.4, pi/h]
T
, kb = [0.79, 1.7324]
T
and kc = [0.8, 1.9987]
T
. Seleting (k, l) too near to the boundary of D results in a
sharply elongated breather, whih are diult to simulate as they require a large domain.
Wavevetors lose to any of {k1, . . . ,k6}, lead to breather modes with small speeds, a
hek of breather veloity would then require a long-time simulation. In pratie we
have hosen wavenumbers whih do not lead to a severely elongated breather envelope,
and yet have veloities whih result in observable displaements over reasonable times.
We present simulations of stationary breathers in systems with asymmetri potentials
(a, c 6= 0) in Setion 4.8 and, in Setions 4.44.7, simulations of stationary and moving
breathers in latties with symmetri potentials (that is, a = c = 0 in (4.1)).
4.2. Initial data and boundary onditions
We generate initial data by using the analyti expressions for breather solutions
derived in Setion 2.3. The formulae for Qm,n and Rm,n are found in terms of the
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Figure 8: Wavevetors in D1 ⊂ D for whih breathers are simulated.
original disrete variables m and n, and then shifted horizontally and vertially so that
initially the breather lies at the entre of the lattie. We impose periodi boundary
onditions for the lattie in both horizontal and vertial diretions, onverting the
two-dimensional arrangement illustrated in Figure 1 into a two-torus. In long-time
simulations, moving breathers whih approah an edge of the lattie reappear from
the opposite edge. We selet the site (1, 1) to lie at the bottom left-hand orner of
the arrangement as illustrated in Figure 9. Sites along the boundaries and orners
are missing between one and four neighbours. We introdue titious sites along the
boundaries and orners where neessary to eet periodi boundary onditions.
An illustration of a small nite lattie is shown in Figure 9. The dots represent
apaitors loated at lattie sites, and the lines represent some of the inter-onneting
indutors. From equations (4.1), the harge Qm,n stored on eah apaitor depends
upon the harge stored on the apaitors loated at its six neighbouring sites, two in
eah of the diretions ei, ej and ek. For the sake of larity, the indutors onneting
the apaitors at the enter of eah hexagon to its six nearest neighbours are not shown
(see Figure 1). It is not neessary that the lattie should be square, meaning that
the lattie ould omprise M × N lattie sites, with M 6= N . However, typially, we
onsiderM = N as in Figure 9, sine the numerial routines are simpler to enode when
the lattie is square, and in the examples below, we onsider latties with N ≤ 50.
4.3. Numerial omputation of breather energy
Sine the HETL is lossless the total energy is onserved and an be used as a hek
of the auray of our numerial sheme. We ompute the leading-order energy by
expressing the summand e(0)m,n (2.29) in terms of the output variables of the numerial
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Figure 9: Periodi boundary onditions for the two-dimensional HETL.
routine, namely Qm,n and Rm,n. The rst term of e
(0)
m,n is simply dependent on Qm,n.
It remains to nd the urrents Im,n, Jm,n and Km,n in terms of Qm,n and Rm,n. The
details of this alulation depend upon whether the interation potential is symmetri
or asymmetri. As a hek of the numerial sheme we verify that the sum is onserved
and that it agrees with the asymptoti estimate (2.46).
4.3.1. Latties with a symmetri potential. First, we nd the urrent Im,n in terms of
Qm,n and Rm,n. Dierentiating the leading-order expression for the breather given by
(2.39), we have (retaining leading-order terms only)
Q˙m,n = Rm,n ∼ −2εαω sinΦ sech(βr), (4.2)
where α, β and r2 are as dened in Setion 2.6. Comparing the analyti expression
(2.40) for the urrent Im,n with the expressions for Qm,n (2.39) and Rm,n (4.2), we nd
Im,n =
cos(2k)− 1
ω2
Rm,n − sin(2k)
ω
Qm,n. (4.3)
Similarly, omparing the expressions (2.41) and (2.42) for the urrents Jm,n and Km,n
respetively with equations (2.39) and (4.2), we nd
Jm,n =
cos(k − lh)− 1
ω2
Rm,n − sin(k − lh)
ω
Qm,n, (4.4)
Km,n =
cos(k + lh)− 1
ω2
Rm,n − sin(k + lh)
ω
Qm,n. (4.5)
Substituting these expressions into (2.29), gives an expression for E0 whih does not
simplify, so we do not reprodue it here.
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4.3.2. Latties with an asymmetri potential. Dierentiating the leading-order
expression (2.50) for the harge Qm,n in latties with an asymmetri potential gives
Q˙m,n = Rm,n ∼ −2εαω sinΘ sech(βr), (4.6)
where Θ = pim/3 + pin+ Ωt with Ω = 3. Using (2.50) and (4.6), the urrent Im,n given
by (2.51) an be expressed in terms of Qm,n and Rm,n as
Im,n ∼ −
√
3
2ω
[√
3Rm,n
ω
+Qm,n
]
. (4.7)
Similarly, from (2.52)(2.53), we have
Jm,n = Km,n ∼ −
√
3
2ω
[√
3Rm,n
ω
−Qm,n
]
. (4.8)
These are equivalent to substituting k = pi/3 and l = pi/h into (4.3)(4.5). Inserting
the expressions for Im,n, Jm,n and Km,n ((4.7)(4.8)) into (2.29) yields
E0 =
∑
m,n
1
72C0
[
45Q2m,n + 3R
2
m,n − 2
√
3Qm,nRm,n
]
. (4.9)
4.3.3. Eetive breather width. Numerial omputation of the energy as desribed
above allows us to hek that the total lattie energy is onserved, but does not indiate
whether a breather hanges shape over time. To remedy this, we dene breather widths
in the m and n diretions, the sum of whih we denote Wbr, where
W2br =
r20
E0
+
r02
E0
−
(
r10
E0
)2
−
(
r01
E0
)2
, (4.10)
and r10, r01, r20 and r02 are dened by
r10 =
∑
m,nmem,n, r20 =
∑
m,nm
2em,n,
r01 =
∑
m,n hnem,n, r02 =
∑
m,n h
2n2em,n.
The variation inWbr over time gives a measure of the distortion suered by a breather.
4.4. Stationary breather in a lattie with symmetri potential
We investigate stationary breather solutions in the anomalous dispersion regime
whih orresponds to b > 0 (see (3.5)). We set k = pi/3 and l = pi/h, orresponding to
k1 in Figure 8, so that the veloities u and v are zero. Davydova's result implies that we
expet to nd stable soliton solutions when PK > 0. From (3.6), P = ε2/2, hene this
inequality implies 40d > 27b2. Hene we hoose b = d = 1 as well as N = 30, ε = 0.2
and λ = 1. Using the tehnique outlined in the appendix we alulate α = 1.0212,
β = 1.8670. The breather frequeny is ω + ε2λ = 3.040, and therefore the period of
osillation is T = 2.0668.
As is the ase for all our simulations, the initial prole of the breather is loated at
the entre of the lattie, as illustrated in Figure 10 (a). At t = 0, the breather energy is
E0 = 0.7606, andWbr = 3.74. The asymptoti estimate for E0 given by (2.46) is 0.7523,
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whih is only 1% dierent from the numerially obtained value. In Figure 10 () we show
the breather after 30 osillations. Plots of the loal energy em,n at t = 0 and t = 30T are
presented in Figures 10 (b) and 10 (d). After thirty osillations the breather has shed a
small amount of energy, whih is manifested as small amplitude radiation throughout
the lattie. Aordingly, the breather appears a little distorted in shape ompared to its
initial prole. In partiular, at t = 30T , we ndWbr = 4.21. The energy of the breather
at t = 30T is 0.7087, giving ∆E0/E0 = −0.0682,
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le at t = 0.
10
20
30
40
50
60
10
20
30
40
50
0
0.02
0.04
0.06
0.08
0.1
0.12
mn
e
(b) Plot of em,n, E0 = 0.7606.
10
20
30
40
50
60
10
20
30
40
50
−0.4
−0.3
−0.2
−0.1
0
0.1
0.2
0.3
0.4
mn
Q
() Prole at t = 30T = 62.82.
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(d) Plot of em,n, E0 = 0.7087.
Figure 10: Stationary breather in a lattie with symmetri potential, see Setion 4.4
for details.
4.5. Breather moving along a lattie diretion (Ψ = 0◦)
In Figure 11, we show a simulation of a breather moving along a lattie diretion
parallel to the m-axis, that is, Ψ = 0◦. We have hosen k = ka = [1.4, pi/h]
T
so that
u = 0.4445 and v = 0 and thus Ψ = tan−1(v/u) = 0◦. The breather frequeny is
ω = 2.9265, and hene the period T = 2.1470. Following the alulation outlined in
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the appendix, the amplitude and width parameters are α = 1.0339 and β = 1.8440; the
remaining parameters being b = 1, d = 1, N = 30, ε = 0.1 and λ = 1.
The initial prole of the breather is shown in Figure 11 (a), and at this time, the
alulated energy is E0 = 0.5537, whilst the asymptoti estimate (2.46) is E0 = 0.5522.
It may be observed that the breather is not radially symmetri. In fat, it is slightly
elongated in the diretion parallel to the m-axis, that is, parallel to the diretion of
motion. This is beause the point orresponding to the wavevetor ka is near the
boundary of the region of elliptiity D1 as illustrated in Figure 5.
Figure 11 (b) shows the breather at the later time of t = 21.58T = 46.3513, at whih
time we nd E0 = 0.5562. By this time, the breather has reahed the right-hand edge
of the lattie and, owing to periodi boundary onditions, it reemerges from the left-
hand side as shown in Figure 11 (). The breather remains loalised, without spreading,
though it leaves behind a small amount of energy in its path (visible in Figures 11 (b)
and 11 ()). The omputed energy hanges muh less than for the previous simulation
(here, ∆E0/E0 = 0.0287).
The veloity of the breather an be measured from a plot of the energy em,n, whih
is shown in Figure 11 (d), viewed from diretly above the plane of the lattie. From this
plot, we note that the breather has travelled 42 units at an average speed of 0.42 units
per seond, whih is 5.5% lower than our predited speed of 0.4445 units per seond.
This is onsistent with a small amount of energy being shed as the system transforms
from our approximated initial onditions into the preise shape of the breather.
4.6. Breather moving at Ψ = 210◦
We now show that it is possible to simulate breathers moving in diretions other
than a lattie diretion (that is, Ψ 6= 0◦). We set k = 0.79 and l = 1.7324, whih
orresponds to kb in Figure 8. It may be veried that u = −0.1999 and v = −0.1154
units per seond, leading to Ψ = 210◦ as required. Although not a lattie vetor,
this diretion is an axis of symmetry of the lattie. For the wavevetor kb, we have
ω = 2.9675 and hene T = 2.1174, the remaining parameters being b = 1, d = 1,
N = 30, ε = 0.1 and λ = 1. The variational parameters α and β are 1.0267 and 1.8568
respetively. The breather is shown at times t = 25, 50, 75 and 100 seonds in Figure 12.
Clearly, the breather does not deform signiantly as it travels, nor does it radiate muh
energy. The initial energy is omputed to be E0 = 0.6306, and at t = 100, the energy
is 0.6275, a loss of 0.5%. The asymptoti estimate for the energy is E0 = 0.6184  2%
dierent from the numerially omputed value. The motion of the breather is harted
in Table 1, the nal measured values for the veloities u and v give an average speed
of 0.2152 units per seond, 6.8% below the predited speed of 0.2308 units per seond.
The angle of travel is almost idential to the expeted value of Ψ = 210◦.
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(a) Prole at t = 0, E0 = 0.5537.
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(b) Prole at 21.58T , E0 = 0.5562.
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) Prole at t = 46.59T , E0 = 0.5696.
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(d) Plot of em,n.
Figure 11: Breather moving along a lattie diretion, Ψ = 0◦, see Setion 4.5 for
details.
Time Horizontal Vertial Average horizontal Average vertial
(s) displaement displaement veloity (units s
−1
) veloity (units s
−1
) tanΨ Ψ
25 −3.5 −2 −0.14 −0.08 0.5714 209.74◦
50 −8 −4.5 −0.16 −0.09 0.5625 209.36◦
75 −13 −7.5 −0.1733 −0.1 0.5770 209.99◦
100 −18.5 −11 −0.185 −0.11 0.5946 210.74◦
Table 1: Summary of breather motion (Ψ = 210◦).
4.7. Breather moving at Ψ = 130◦
We have presented simulations of breathers whih move along axes of symmetry of
the lattie. In Setion 2.6.1, from the results of our asymptoti analysis, we found that
breather solutions ould be onstruted for any diretion of travel. In this setion, we test
the mobility of breathers along diretions whih do not orrespond to axes of symmetry
of the lattie. We have suessfully propagated breathers in a range of diretions, and
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(a) Prole at t = 25, E0 = 0.6295.
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(b) Prole at t = 50, E0 = 0.6292.
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() Prole at t = 75, E0 = 0.6235.
10
20
30
40
50
60
10
20
30
40
50
−0.2
−0.1
0
0.1
0.2
mn
Q
(d) Prole at t = 100, E0 = 0.6275.
Figure 12: Breather moving at Ψ = 210◦, see Setion 4.6 for details.
here we show only one suh breather, moving at an angle Ψ = 130◦. We set k = 0.8 and
l = 1.9987, from whih we nd u = −0.2160, v = 0.2575, Ψ = 130◦, ω = 2.9502 and
the period is T = 2.1298. The remaining parameters are b = 1, d = 1, N = 30, ε = 0.1,
λ = 1, α = 1.0297 and β = 1.8514. From Figure 13, Even at 120 seonds, the breather
remains loalised without suering appreiable degradation nor is muh radiation left
behind in its wake. Initially the energy E0 is omputed as 0.5977, only 0.2% dierent
from the asymptoti estimate of E0 = 0.5965. After 120 seonds, E0 is 0.5897, a hange
of 1.3%. To nd the veloity of the breather, we have reorded its motion and presented
relevant data in Table 2. From (2.26), the average speed is predited to be 0.3254 units
per seond; whilst our numerial simulation shows an average speed of 0.3361 units per
seond, 3.2% lower than the expeted speed. The diretion of motion of the breather is
predited aurately.
Disrete breathers in a two-dimensional hexagonal Fermi-Pasta-Ulam lattie 25
10
20
30
40
50
60
10
20
30
40
50
−0.2
−0.1
0
0.1
0.2
mn
Q
(a) Prole at t = 30, E0 = 0.5961.
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(b) Prole at t = 60, E0 = 0.5966.
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() Prole at t = 90, E0 = 0.5939.
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(d) Prole at t = 120, E0 = 0.5897.
Figure 13: Breather moving at Ψ = 130◦, see Setion 4.7 for details.
Time Horizontal Vertial Average horizontal Average vertial
(s) displaement displaement veloity (units s
−1
) veloity (units s
−1
) tanΨ Ψ
30 −6 7 −0.2 0.2333 −1.1667 130.60◦
60 −11 13.5 −0.1833 0.225 −1.2273 129.17◦
90 −17.5 21.5 −0.1944 0.2389 −1.2286 129.14◦
120 −25 30 −0.2083 0.25 −1.2 129.81◦
Table 2: Summary of breather motion (Ψ = 130◦) see Setion 4.7 for details.
4.8. Stationary breather in a lattie with asymmetri potential
In Setions 4.44.7, we have shown simulations of latties with a symmetri
potential, that is, with a and c not neessarily zero in (4.1). We now onsider the
more general ase for whih the interation potential is asymmetri (a 6= 0 6= c).
To illustrate a stationary breather, we generate initial data using (2.49), with the
wavevetor k = k1 = [pi/3, pi/h]
T
. As disussed in Setion 2.7, anomalous dispersion
orresponds to b > 10a2/9, hene we hoose a = 1, b = 2.5, c = 0 and d = 1. The
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remaining parameter values are N = 30, ε = 0.1, λ = 1, hene ω = 3, T = 2.0668,
α = 0.8665 and β = 1.8670.
The breather is shown in Figure 14 after 10, 30 and 40 full osillations. Initially, we
nd the breather's width and energy are Wbr = 7.46 and E0 = 0.5429, the latter being
only 0.26% dierent from the asymptoti estimate (2.56) of 0.5416. The aompanying
plots of em,n demonstrate learly that the breather preserves its form and remains
loalised, even after 80 seonds. At t = 40T , we nd that Wbr = 6.83, a narrowing
of the breather by 8%. Also, at t = 40T , the numerially omputed value of the energy
E0 = 0.5371, showing that the energy does not utuate signiantly.
5. Disussion
In this paper, we have found approximations to disrete breathers in a two-
dimensional hexagonal FPU lattie with a salar-valued funtion at eah node. We
have shown that the lattie equations an be redued to a ubi NLS equation for
two speial ases. In Setion 2.6, we obtained moving breathers when the interation
potential is symmetri; in this ase an elliptiity riterion for the wavevetor is found.
In the appendix we summarise our tehnique for approximating soliton solutions of the
two-dimensional NLS equation.
In Setion 2.7, we onsidered latties with an asymmetri potential, in whih ase
a redution to NLS ould only be performed for stationary breathers. The theoretial
methods employed here are similar to those used on the square lattie of [2℄; however,
several important dierenes emerge in the ourse of the analysis. We found that
the anomalous dispersion regime orresponds to b > 4a2/3 in the square lattie and
b > 10a2/9 in the hexagonal. Furthermore we nd that stationary breathers involve the
generation of seond harmonis in the hexagonal lattie (G2 = aF
2/3), whereas they are
suppressed in the square lattie (G2 = 0). In both latties, the quadrati nonlinearity
generates a small amplitude slowly-varying mode (G0 = −a|F |2).
For symmetri interations we found an assoiated elliptiity onstraint: moving
breathers only our for ertain wavevetors, this means that all breathers have (i)
a relatively high frequeny, and (ii) a maximum speed, whih depends on the wave
vetor and hene on the diretion of travel, (iii) a threshold energy whih also depends
on wavevetor and hene is related to speed and diretion of travel. We nd that
the threshold energy is lower for breathers at the edge of the domain of elliptiity
in wavevetor spae. These breathers have lower frequenies and faster speeds. The
fastest-moving breathers are restrited to moving along lattie diretions.
We also presented asymptoti estimates for the breather energy in Setions 2.6
and 2.7. As expeted, we found a minimum energy required to reate breathers in
the hexagonal lattie. The threshold energy for moving breathers is smaller than that
required for stationary breathers and beomes vanishingly small at the boundary of the
domain of elliptiity.
In Setion 3, we extended the small amplitude expansion to fth-order and derived a
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(a) t = 10T = 20.69.
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(b) Plot of em,n, E0 = 0.5453.
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) t = 30T = 41.34.
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(d) Plot of em,n, E0 = 0.5425.
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(e) t = 40T = 82.67.
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(f) Plot of em,n, E0 = 0.5371.
Figure 14: Stationary breather in a lattie with an asymmetri potential, see Setion
4.8 for details.
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higher-order equation whih more orretly desribes the shape and stability properties
of the breather envelope. We obtained a generalised NLS equation (3.5) with a variety of
perturbation terms, some of whih are known to be stabilising. This equation is slightly
simpler than the orresponding equation obtained for the square lattie, namely (3.11)
of [2℄. In partiular, the higher-order dispersive terms in (3.5) are isotropi, reeting
the hexagonal rotational symmetry of the lattie. For stationary breathers in the ase
of a symmetri potential we nd that the ubi nonlinearity does not give rise to third
harmonis, that is, H3 = 0 in the hexagonal lattie, in ontrast to H3 = bF
3/8 in the
square lattie.
In Setion 4, we illustrated these breather modes, showing that both stationary and
moving breathers are long-lived. The breather proles hange little over time, a small
amount of energy is shed due to the initial onditions being only approximate. We have
suessfully propagated long-lived breathers moving in diretions whih are not axes of
symmetry of the lattie (for instane, Ψ = 130◦), suggesting that there is no absolute
restrition upon the diretion of travel; this is in ontrast to the observations reported
by Marin et al [15, 16℄ for mehanial (two-omponent) two-dimensional latties, who
ould only nd breathers whih travelled along axes of symmetry of the lattie.
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Appendix A. Approximation to Townes soliton
Sine analyti formulae for Townes solitons are unavailable, we use the Rayleigh-
Ritz method to nd time-harmoni radially symmetri solutions of
iFT +D∇2F +B|F |2F = 0, (A1)
of the form F (x, T ) = eiλTφ(r) where r = |x| = √ξ2 + η2. The funtion φ satises
− λφ+D∇2φ+Bφ3 = 0, (A2)
where ∇2 = ∂2ξ + ∂2η . Equation (A2) arises from a variational derivative of
E(φ) =
∫ ∫
1
2
λ|φ|2 + 1
2
D|∇φ|2 − 1
4
B|φ|4d2r. (A3)
Using a trial solution of the form φ = α sech(βr), where α and β are undetermined
parameters, we nd
E(α, β) = D(1 + 2ln2)
12
α2 − B(4ln2− 1)
24
α4
β2
+
λln2
2
α2
β2
; (A4)
α and β are determined by seeking stationary points of the ation E , namely ∂E/∂α =
∂E/∂β = 0. Hene we nd
α =
√
12λln2
B(4ln2− 1) , β =
√
6λln2
D(2ln2 + 1)
, (A5)
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and so our approximation to the Townes soliton solution of (A1) is
F =
√
12λ log 2
B(4 log 2− 1) exp(iλT ) sech
(√
6λ log 2
D(2 log 2 + 1)
√
ξ2 + η2
)
. (A6)
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